1. Introduction. Let r represent a positive integer. In this paper we generalize the concepts of even and primitive function (mod r) to functions of several variables.
It is recalled that a (complex-valued) function fr(n) is even (mod r) if fr{n) =/r((w, r)) for all integral n, and is primitive (mod r) if /r (n) =/r (7 («>»*)) for all n, where 7 (r) denotes the core of r and 7 (n, r) = 7 ((n, r)). (The core 7(7-) is denned to be the product of the distinct prime divisors of r,7(l) = l.) Let For simplicity the discussion in this paper will be largely confined to the case k = 2, that is, to the case of functions fr(m, n) of two integral variables m, n (mod r). The remainder of this section is devoted to a brief sketch of the content of the paper.
In §2 we collect for later reference a number of results most of which are known. In § §3 and 4 we obtain trigonometric characterizations of the even and totally even functions (mod r), (Theorems 1 and 2, respectively). More precisely, Fourier expansions in terms of functions involving Ramanujan's sum cr(n) are deduced for even functions fr(m, n). These expansions are applied in §5 to obtain formulas for the number of solutions of pairs of congruences (mod r) of which at least one is bilinear. Similar applications to
Presented to the Society, November 29, 1958; received by the editors July 11, 1959. pairs of linear congruences are developed in §6. The notion of Cauchy product (mod r) is strongly emphasized in this section (cf. [4] ). Specifically, the Cauchy product (mod r) of two functions fr(m, n), gr(m, n) is defined by hr(m, n) = £ fr(a, a')gr(b, V), mSa+6(mod r);n = a'+&' (mod  r) where a, b, a', V range over integers (mod r) such that m=a-\-b (mod r), n = a'-\-b' (mod r).
In § §7 and 8 we obtain trigonometric characterizations of the primitive and totally primitive functions (mod r), respectively. As an application, in Theorem 14 ( §7) a simple arithmetical formula is obtained for the number of solutions a)r(m, n) of the congruences, m = u -f-x (mod r),
such that (u, r) = (v, r) = (x, y, r) = 1. An analogous result is obtained in §8 (Corollary 18.1) for the number of solutions 8r(m, n) of (1.1) such that (m, v, r) = (x, y, r) = 1. As a corollary it follows that 0r(w, w) >0 for all values of m, n, r (Corollary 18.2). Precise criteria for the vanishing of wr(m, n) are deduced in Theorem 15 ( §7).
In §9 we obtain analogues in two variables of some of Ramanujan's expansions of arithmetical functions in infinite series. The proofs are based on the finite Fourier expansions of certain even functions (mod r). In the final section ( §10) we generalize to k variables several of the representations theorems proved earlier in the paper in the case k -2. The proofs are omitted.
Preliminaries.
The Mobius and Euler functions will be denoted by n(r) and <f>(r), respectively. We use Jk(r) to denote the Jordan function, defined to be the number of ^-dimensional, integral vectors X= \xi, ■ ■ • , #*} in a reduced residue system (mod k, r), that is, the number of X, xt (mod r), * = 1, • • • , k, such that ((*,), r) = ((3Ci, • • ■ , x&), r) = 1 [2, §2]. We recall that (2.1) Mr) = Z JV (4)' * to = /lto • Remark 1. If d\r, then a reduced residue system (mod k, r) can be decomposed into Jk(r)/Jk(d) such systems (mod k, d), [2, Lemma 7] . Consequently, in selecting a reduced residue system (mod k, d) it is permissible to restrict the choice of X to elements satisfying ((«<), r) = 1.
Remark 2. A complete residue system (mod k, r) is generated by the set (r/d)X where d ranges over the divisors of r, and for each d, X ranges over a reduced residue system (mod k, d), [2, Lemma l].
Note, in case k = l, that these remarks relate to ordinary residue systems (mod r).
The symbol er(n) is defined by er(n)=exp(2Tin/r). We note the familiar property,
The trigonometric sum of Ramanujan will be denoted by cr(n):
(»,r)-l the summation being over a reduced residue system (mod r). The Ramanujan and Dedekind-Holder evaluations (cf. [5; 6] ) of cr(n) are given, respectively, by (2.4) cr(n)= £ <fr(4)'
We also recall the following additional properties of cr{n). Let d\ and di be divisors of r; then [l] (2-6) c*(i)=lh(0
As a special case of (2.7) one obtains (</i= 1),
The case «=1 of (2.8) yields the characteristic property of n(r). A useful reformulation of (2.7) is given by (6.5). The function cr(n) can be generalized [2, §3] by placing (2.9) cf\n) = £ eT(n(xi + ■■ ■+ **)),
where the summation is over a reduced residue system (mod k, r). Evidently cr(n) = c^(n). Analogous to (2.4) and (2.5) we have (2.10)
Remark 3. It will be noted that cf\n) is an even function of n (mod r). We next restate a result of [2] in a slightly more general form. Lemma 1. If s^O and (m0, • • • , ms, r) = l, then the number of solutions <f>*(n, r) of the congruence, n = m0x0-{-■ ■ ■ +m,x, (mod r) in x, (mod r), i = 0, • • • , 5, such that (x0, ■ • ■ , x" r) = 1, is given by <j)*(n, r) = (r/(«,r))'J.((«lr)).
Proof. If r = rxr-i, {j\, rj) = l, it follows easily by the Chinese Remainder Theorem that <f>*(n, r) =<£,*(«, ri)</>*(«, r2). It therefore suffices to prove the lemma in case r = pl, p prime, t>0. In this case, one may assume that p\m0, let us say; the argument of [2, Theorem 5] can then be applied to complete the proof. Finally, we note a simple property of the greatest common divisor and least common multiple. Let d, 8 be divisors of r. Then (2.14) (</,«) j, y] = '; in particular, if r = dS, (2.14) yields the familiar relation,
3. Trigonometric representations of even functions (mod r). In view of Remark 1 ( §2) we are justified in adopting the following convention, to be referred to by the symbol (*), when specifically required.
*Convention.
In all summations over a reduced residue system (mod k, d) where d\r, it will be assumed that the elements X comprising the system are also elements of a reduced residue system (mod k, r).
We now prove the basic result of this paper. Conversely every function of the form (3.1) is even (mod r).
Proof. As a periodic function (mod r), fr(m, n) has the Fourier expan-
where the ft(x, y) are uniquely determined by The converse part of the theorem follows by noting that Cd(n) is even (mod r) for each divisor d of r. Thus Theorem 1 is proved.
It will be observed that the relation between (3.1) and (3.2) is an inversion formula for the (even) functions fT(m, n) and ar(m, n). In particular, 
\(m, r) (n,r)/ r2 d|r;sir \d 8/ 4. Trigonometric representations of totally even functions (mod r). We shall show in t'his section that if fr(m, n) is assumed totally even (mod r) then Theorem 1 can be stated in a much simpler form. For this purpose we introduce the following additional notation. Let J(r)=J2(r), Cr(n) = cf'(n), so that by Lemma 2, cr(m, n) = Cr((m, n)). In particular, cr(m, n) is totally even (mod r); moreover, by (2.10) and (2.11) we have
We also have the following analogue of (2.6). The lemma is proved. We next deduce a fundamental relation between cr(m, n) and the ordinary Ramanujan sums.
Lemma 4.
Proof. By (2.12) cr(m, n) = Z er(mx + «y). The lemma follows by (2.14).
Theorem 2. IffT(m, n) = Fr((m, n)) is a totally even function ofm, n (mod r), then fT(m, n) has a representation of the form, We may apply to (4.10) the same argument as that used in passing from (4.8)
to (4.9), thereby obtaining fr(m, n) = -Er3r( -)cd(w, n). We now prove the equivalence of (4.6) and (4.7). Denote the right member of (4.7) by a! id). Then
Placing [a, b) =r/D{x, y}, ((x, y), D) = 1, we obtain (*) by Remark 2, since Frin) is even (mod r),
The converse follows by observing that, for each divisor d of r, cd(m, n) = Cd((m, n)) = Cd((m, n, r)), and hence that cd(m, n) is totally even (mod r). This completes the proof of Theorem 2.
Analogous to Corollary 1.1 we have the following inversion relation for totally even functions (mod r). follows that PT,,im, n) is given by (3.1), where
By (2.2), 77i(wx)=0 unless d\x; therefore, we may replace x by x = dX,
The theorem follows from (3.1) and (5.3).
Theorem 4. The number of solutions P'riS(m, n) of (5.1) in xit y{ (mod r), such that (y,-, r) = l, i-l, ■ ■ ■ , s, is given by
It is easily observed that P'T,3(m, n) is an even function oim,n (mod r). Hence, as in the previous proof, we place P'rtS(m, n)=frim, n) in (3.1), so that by i3.3) and Remark 1, Gr,.im,n)=--^ I ---1 aim, n). r2 d\r \Ji>id) / Note. By (2.11), Gr,,im, n) has the equivalent form (6.2a) Gr,.im, n) = -£c, ' -)cdim, n).
r2 dir \d/ Proof. Since Gr,,(m, n) is obviously even (mod r), we place, as in §5, frim, n)=Gr.,im, n) in ( so that by the induction hypothesis and the theorem for 5 = 1, we obtain, using the notation of Lemma 6, Hr.t+iim, n) = -E Cr( -)cr{ -)Sd.sim, n).
r4d|r;J|r \d/ \8/ (6.7) follows immediately in the case s = / + l, by virtue of (6.6). The induction is complete. Remark 6. The proof of Theorem 8 illustrates the following principle, which is a consequence of Theorem 2 and Lemma 6: The Cauchy product of two totally even functions (mod r) is also totally even (mod r).
In the remainder we consider mixed congruence pairs, s^l, <=T, Proof. This result follows from the fact that Z.J,((w, n) is the Cauchy product (mod r) of Gr,s(w, «) and Hr,t(m, n), in conjunction with Lemma 6, and Theorems 7 and 8.
We shall need the following result proved in [l, Theorem 7] , (cf. also [6, Theorem 7; 7, Theorem 7] ).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use A similar approach leads to the following representation of N'/(m, n).
Theorem 11.
Finally, we return to the question of arithmetical representations, treating, as an illustration, the function GT,,(m, n). We first note two further properties of Jk(r), [3, (7. Proof. By (6.2), (4.5), and (4.13), with arid)=J2sir)nid)/r2J2eid), it follows, using the factorability of pir) and -7*(r), that 2r ,
Hence, by (6.16) and (6.15), one obtains /2s(r) dy«*)/ e \2'Iu«d,e))
Gr.tim, n) =-2-i -1-1 -r2 d|(m,n,r);de=r J2aid) \ id, e) / J2a(e)
*-^ /72a-2 d\ (m,n,r) a" and (6.17) follows on the basis of (2.1). We prove an analogous result for even functions of two arguments (mod r). Proof. Clearly any function (7.1) is primitive (mod r). Conversely, suppose that/(«, r) is primitive (mod r) with Fourier representation (3.1). As a function of the argument m alone, the expansion of frim, n) may therefore be written
where, for all n, Proof. In view of the factorability of p,(r) it suffices to prove (7.6) for r = p (p prime), D=pa, E = ph (a, b either 0 or 1). In these four cases, (7.6) is easily verified, so that the lemma is true in all cases.
In addition we note some simple properties of J(r). In particular, J(r) is a factorable function of r; moreover, (7.7) Z Ad) = r2, I(r) = (-?-\j(y(r)). Hence, applying the first part of (7.7), it follows that
and (7.8) results by the second part of (7.7). The theorem is proved. Let r = p', p prime, />0. A simple computation based on (7.8) shows that
Hence wpi(m, n) =0 if and only if p = 2 and mn is odd. By considerations of factorability we obtain immediately the following criterion for the vanishing of ur(m, n).
Theorem 15. ur(mn, n)=0if and only if r is even and m and n are both odd.
8. Totally primitive functions (mod r). We have the following analogue of Theorem 12. We now obtain an arithmetical evaluation of the function L'/im, n) in the case t = \ ( §6). Place dr,,(m, n)=L'T'l(m, n), so that 6r(m, n)=dr,i(m, n), as defined in the Introduction.
Theorem 18. If s^l, then
Proof. Clearly The proof of (9.6) is complete.
The derivations of the infinite series expansions of this section are based on the following lemmas. 
